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Abstract. In this paper we deduce weak type extension theorems for the groups of measure-preserving 
homeomorphisms of noncompact manifolds. As an application, we show that the group of measure- 
preserving homeomorphisms with compact support of a noncompact connected manifold, endowed with 
the Whitney topology, is locally contractiblc. 



In this paper we study some topological properties of groups of measure preserving homeomorphisms 
and spaces of measure preserving embeddings in noncompact manifolds (cf. [H [51 [HI El H2] ) • Suppose 
M is a cr-compact topological n- manifold possibly with boundary and U is an open subset of M. Let 
£*(U, M) denote the space of proper embeddings of U into M endowed with the compact-open topology. 
The local deformation lemma for £*(U,M) [SI [7] asserts that for any compact subset C of U and any 
compact neighborhood K of C in U there exists a deformation ip t (t £ [0, 1]) of an open neighborhood V 
of the inclusion map i\j : U C M in £*(U, M) such that (fo(f) = f, fi(f)\c = i-c and (ft(f)\u-K = f\u-K 
(t G [0, 1]) for each / £ V. For a subset A of M let Ha(M) denote the group of homeomorphisms h of 



M with H\a = id a endowed with the compact-open topology. The local deformation lemma is equivalent 



to the following weak type extension theorem: for any compact neighborhood L of C in U there exists 
a neighborhood V of iy in £*(U,M) and a homotopy St U — > Hm-l(M) such that so(/) = idu and 

si(f)\c = f\c (JeU). 

This result motivates the following general formulation: Suppose G is a topological group acting on M 
with the unit element e. Consider the subspace of £*(U,M) defined by £ (U,M) = {g\jj j g € G}, where 
g denotes the homeomorphism on M induced by g G G. The weak extension theorem for the group action 
of G on M asserts that there exists a neighborhood U of ijj in £ (U, M) and a homotopy St :U — > G such 

that 8 (J) = e and s ^(7)lc = f\c (/ G W). 

Suppose /j, is a good Radon measure on M with fi(dM) = 0. Let 7i(M; fj) and TL(M; /i-reg) denote the 
subgroups of TL{M) consisting of /^-preserving homeomorphisms and /Lt-biregular homeomorphisms of M 
and let £ * (U, M; /i-reg) denote the subspace of £*(U,M) consisting of /i-biregular proper embeddings of 
U into M. In [8] A. Fathi obtained a local deformation lemma for the space £*(U, M; /u-reg) ([H Theorem 
4.1]). This is reformulated as the weak extension theorem for the group H(M; /t-reg) (0 Corollary 4.2]). 
In the case M is compact and connected, he also obtained a selection theorem for /t-biregular measures on 
M ([HI Theorem 3.3]) and used these results to deduce the weak extension theorem for the group Ti(M; /t) 
([HI Theorem 4.12]). 

In this paper we are concerned with the case where M is non-compact. In [4] R. Belanga has already 
extended the selection theorem for /i-biregular measures to the non-compact case ((31 Theorem 4.1]). We 
combine these results to obtain the weak extension theorem for the group TL(M; /i) (cf. Corollary 15. ljl . 
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Theorem 1.1. Suppose M is an n-manifold, fi is a good Radon measure on M with fi(dM) — 0, C is a 
compact subset of M , U is an open neighborhood of C in M. Then there exists a neighborhood U of ijj in 
gU{M;n) (jj^ m) and a homotopy s;«x[0,l]-> H(M ; /*) such that 

(1) for each f EU 

(i) s (f) = id M> (ii) *i(/)|c = f\c, (ffl) iff = id on UndM, then s t (f) = id on dM (t e [0, 1]), 

(2) s t (iu)=id M (t£ [0,1]). 

In comparison with topological or /i-biregular homcomorphisms, "/i-preserving homeomorphism" is a 
global property and we can not obtain a compactly supported weak extension theorem for the group 
7i(M; /t). This obstruction vanishes on the kernel of the end charge homomorphism cf 1 . 

In [5j S. R. Alpern and V. S. Prasad introduced the end charge homomorphism cf 1 , which is a continuous 
homomorphism defined on the subgroup H.e m (M; /i) of /i-preserving homeomorphisms of M which fix the 
ends of M. The kernel of cf 1 , kerc^, includes the subgroup H C (M; /t) of /i-preserving homeomorphisms 
of M with compact support. If h £ He m {M, E; /i) and c^(h) = 0, then one can split moves of /i-volume 
by h. Hence, we can obtain the compactly supported weak extension theorem for the subgroup kerc^ 1 
(cf. Theorem E2|). 

Theorem 1.2. Suppose M is a connected n-manifold, fi is a good Radon measure on M with [i(dM) = 0, 
C is a compact subset of M and U and V are open neighborhoods of C in M such that V fl O is connected 
for each connected component O ofM — C. Then there exists a neighborhood IA of ijj in £ kcr cM ({/, M) and 
a homotopy s : U x [0, 1] — > TLm-v,c{M] fi) such that 

(1) for each f eU 

(i) s (/) = id M , (ii) Sl (f)\ c = f\c, (hi) if f = id on UndM, then s t (f) = id on dM (t e [0, 1]), 

(2) s t {iu)=id M (te [0,1]). 

We also discuss a non-ambient deformation lemma for /i-preserving embeddings (Theorem l5.3p . 

In the last section we study the group Ji c {M\ n) w endowed with the Whitney topology (cf. [3]). It is 
known that the group TC{N) and the subgroup H(N; v) are locally contractible for any compact n-manifold 
TV and any good Radon measure v on N with v(dN) — ([Tj Corollary 1.1], [8, Theorem 4.4]). In [3] it 
is shown that the group H C {M) W consisting of homeomorphisms of M with compact support, endowed 
with the Whitney topology, is locally contractible. In this article, as an application of the weak extension 
theorem for H c (M;fi), we show that the group H C (M; fi) w is also locally contractible for any connected 
n-manifold M (Theorem 16. II) . 

This paper is organized as follows. Section 2 is devoted to the general formulations and basic properties 
of local weak extension property and local weak section property for group actions. Section 3 contains 
fundamental facts related to Radon measures on manifolds (selection theorems for measures, end charge 
homomorphism, etc.). In Section 4 we recall the local deformation lemma for biregular embeddings and 
discuss some direct consequences of this lemma. In Section 5 we obtain the weak extension theorems for the 
groups 7i(M) /i), kerc M and 7i c (M; /t) and a non-ambient deformation lemma for /i-preserving embeddings. 
In Section 6 we recall basic facts on the Whitney topology and show that the group H C (M; fx) w is locally 
contractible for any connected n-manifold M. 

2. Fundamental facts on group actions 

2.1. Conventions. 

For a topological space X and a subset A of X, the symbols IntxA clxA and Fr^A denote the 
topological interior, closure and frontier of A in X. Let C(X) denote the collection of all connected 
components of X. 



WEAK EXTENSION THEOREM FOR MEASURE-PRESERVING HOMEOMORPHISMS 



3 



Suppose Y is a locally connected, locally compact Hausdorff space. Let H(Y) denote the group of 
homeomorphisms of Y endowed with the compact-open topology. For a subset A of Y, let Ha(Y) = 
{h G H(Y) | 1i\a = id a) (with the subspace topology). The group H(Y) and the subgroup H A {Y) are 
topological groups. In general, for any topological group G, the symbols Go and Gi denote the connected 
component and the path-component of the unit element e in G. 

For subspaces A C X of Y let £(X, Y) denote the space of embeddings / : X <^-> Y endowed with the 
compact-open topology, and let £a(X,Y) = {/ G £(X,Y) | f\ A = idA} (with the subspace topology). By 
ix '■ X C Y we denote the inclusion map of X into Y. 

In this article, an n-manifold means a paracompact cr-compact (separable metrizable) topological n- 
manifold possibly with boundary. Suppose M is an n-manifold. The symbols dM and Int M denote the 
boundary and interior of M as a manfiold. For a subspace X of M, an embedding / : X — ► M is said 
to be proper if f^ 1 (dM) =1(1 dM. Let £*(X, M) denote the subspace of £(X, M) consisting of proper 
embeddings f:X->M. For a subset A of X let £ A (X, M) = £*(X, M) n £ A {X, M). 

By an n-submanifold of M we mean a closed subset N of M such that ./V is an n-manifold and Ft mN is 
locally flat in M and transverse to 9M so that (i) M — IntM-W is an n-manifold and (ii) Fr^iV and NndM 
are (n — l)-manifolds with the common boundary (FtmN) n (iV (~l dM). For simplicity, let = FtmN, 
d-N = N n 9M and iV c = M - Int A /-/V. More generally, for a subset U of M let d_Z7 = 17 n 9M. 

Suppose A/ is an n-manifold. 

Lemma 2.1. ([1, Theorem 0], cf. [9]) Suppose C is a compact subset of M and U is a neighborhood of C 
in M. Then there exists a compact n-submanifold N of M such that C C Int m N and N c U. 

Lemma 2.2. (1) If M is connected and L is an n-submanifold of M such that d+L is compact, then there 
exists a connected n-submanifold N of M such that L G IntM^V and N R L c is compact. 
(2) Suppose C is a compact subset of M . 

(i) For any neighborhood U of C in M there exists a compact n-submanifold N of M such that 
C C lnt M N, N C U and O - N is connected for each O G C(M - C). 

(ii) If U is an open neighborhood of C in M such that Uf~)0 is connected for each O G C{M — C), 
then there exists a compact n-submanifold N of M such that C C IntM-^V, N <ZU and N DO 
is connected for each O G C(M — G). 

Proof. (1) Since M is connected and d+L is compact, C(L) is a finite collection. Since M is connected, 
there exists a finite collection of disjoint arcs {cn]i in L c such that L U (Ui a i) is connected. We apply 
Lemma [2~T1 to G = d+L\J ([J i a$) in the n-manifold L c in order to find a compact n-submanifold A*o of L c 
such that G c Int lc A*o and each K G C(Nq) meets G. Then N = L U No satisfies the required conditions. 

(2) (i) We may assume that M is connected (apply the connected case to each component of M). By 
Lemma 12.11 there exists a compact n-submanifold N\ of M such that G C IntM-^i and N\ C U. Let 
C = {O e C(M - G) | O £ iVi}. Since C(JVf) is a finite collection, so is C. 

For each O 6 C, it is seen that O is a connected n-manifold, iVf fl O is an n-submanifold of O, 
(iVf n 0) c = iVi n O in O and Fr (A r f n O) = (Fr M Ni) n O is compact (it is a union of components of 
Ftm-Wi). Thus, by (1) we can find a connected n-submanifold Lo of O such that iVf nOc IntoLo and 
io n (A^i n O) is compact. Note that Lo is closed in M so that it is also a connected n-submanifold of 
M. Let L = Uoec Lo- Then, N — L c satisfies the required conditions. In fact, G C M — L = IntM-^V", 
N C Ni, C = {O G C(M - G) | O G: N} and O - iV = Int M L for each O G C. 

(ii) Since C(C/ - G) = {O n U \ O G C(M - G)}, by replacing M by U, we may assume that U = M. 
Again we may assume that M is connected. By Lemma 12.11 there exists a compact n-submanifold N± of 
M such that G C Int M 7Vi. Consider the finite collection C = {O G C(M - C) \ O <f_ N{\. For each O G C, 
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it is seen that O is a connected n-manifold, N\ fl O is an n-submanifold of O, (iVi fl 0) c = JVf D O in O 
and Fro(A r i nO) = (Ftm-Ni) H O is compact. Thus, by (1) we can find a connected n-submanifold Ko of 
such that N x n C Into-Ko and i\T n (ATf n 0) is compact. Then, N = Ni U (Uoec ^o) satisfies the 
required conditions. In fact, {0 G C(M - C) | O ^ iV} C C and AT n O = K for each G C. □ 

2.2. Pull-backs. 

For maps Si — ► S < — S, we obtain the pull-back diagram in the category of topological spaces and 
continuous maps : 

p' 

p*E — ► E 

B 1 — > B 
P 

it' p' 

Explicitly, the space p*E and the maps B\ < — p*E — > E are defined by 

p*S = {{pi, e) £ Bi x E \ p(bi) = 7r(e)} and n'{bi, e) = bi, p'(b 1 ,e) = e. 

Suppose a topological group G acts on spaces B and Si transitively. Let p : B\ — > S be a G-equivariant 
map. Fix a point &i G Si and let b — p{pi) G B and let Gb be the stabilizer of b under the G-action on B. 

p IT 

Consider the orbit map tt : G — > B, ir{g) — gb. Then the maps B\ — > B < — G induce the pull-back 

diagram : p 1 

p*G — ► G 

Bi — > B 
P 

The group Gb acts freely on p*G on the right by (x,g) ■ h = (x,gh) {{x,g) G p*G, h G Gt). The induced 
map p' : p*G — ► G admits a right inverse r : G — > p*G, r(g) = (gbi,g) (i.e., p'r = irfc)- 

Definition 2.1. We say that the G-equivariant map p : B\ — > S has the ZocaZ section property for G 
(LSPq) at 6i if there exists a neighborhood U\ of bi in Si and a map Si : Z7i — ► G such that 7rsi = 

Lemma 2.3. (1) TTie map p feas LSPq at b\ iff the induced map it' : p*G — > Si is a principal Gb-bundle. 
(2) If the fiber p~~ x {b) is contractible, then the map p' : p*G — > G is a homotopy equivalence. 

Proof. (1) Suppose the map p has LSPq at b\. Take any point bi G Si. Since G acts on Si transitively, 
there exists &g G G with 6 2 = <7&i- Then U2 = 5^1 is a neighborhood of 62 in Si and the map S2 : Ui — > G, 
S2(a;) = SSi(<7 _la; ) satisfies the condition 7rs 2 = p|t/ 2 (i-e., 7rs 2 (^) = gsi{g~ 1 x)b = g(p(g~ 1 x)) = p{x)). 
The map 7r' : p*G — > Si admits a local trivialization 

: f7 2 x G b S (tt') -1 ^) = (J ({a} x 7r _1 (p(a;))) over C/ 2 defined by 0(a;, /i) = (a;, s 2 {x)h). 

xeu 2 

The converse is obvious. 

(2) It remains to show that rp' ~ id p *c- There exists a contraction t : p _1 (&) — > p _1 (&) (t G [0, 1]) such 
that 0i(p _1 (6)) = {61}. If {x,g) G p*G, then a; G p^ 1 {gb) = gp~ x {b). Thus, we can define a homotopy 



<5>t-P*G -> p*G from id p , G to rp' by ®t(x,g) = {g<h{9 1 x),g). 



□ 
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2.3. Group actions and spaces of embeddings. 

Suppose a topological group G acts continuously on a locally compact Hausdorff space Y. Each g S G 
induces g 6 H(Y) denned by g(y) = gy (y £ Y). Let H be any subset of G. For subsets A, B of Y we 
have the following subsets of H: 

H A = {heH \h\ A =id A }, H(B)=H Y \ Bl H A {B)=H A r\H{B) 1 

H c = { h S H | supp is compact } . 
If H is a subgroup of G, then these are subgroups of H. 

For subsets X C C c f of Y, the group Gx(U) acts continuously on the space £x{C, U) by the left 
composition g ■ f = gf (g £ Gx(U), f e £x(C, U)) and we have the following subspace of £x(C, U): 

£x (C, J7) = Hx(U)ic = {g\c I .9 £ (with the compact-open topology). 

Since £^{C, U) — £ Hx (G, U), by replacing 7J by Ujc if necessary, we omit X in the subsequent statements. 
Consider the pull-back diagram : 



p' 



P*G — > G 

| tt ,where 7r(#) = g\ c and p(/) = /|c- 



£ G (t/,Y) — » £ G (G,Y) 
P 



The group G acts on the spaces £ (U, Y) and £ G (C, Y) transitively. The restriction map p is G-equivariant 



and has the fiber p- x {i G ) = £%(U, Y). 



Definition 2.2. We say that the pair (U,C) has the local section property for G (LSPq) if the G- 
equivariant map p : £ G (U,Y) — > £ G (C,Y) has LSPq at 

Lemma 2.4. The pair (U, C) has LSPq iff the map tt' : p*G — > £ G (U, Y) is a principal Gc -bundle. 

This lemma follows directly from Lemma [231 (1 ). 

Lemma 2.5. Suppose there exists a path h : [0, 1] — > G smc/i that ho = e, h\(U) C G and ht(U) C J7, 
/T t (G) C G (i e [0, 1]). TTien ifee following hold. 

(1) T/ie map p : £ G (U, Y) — > £ G (C, Y) is a homotopy equivalence. 

(2) There exists a strong deformation retraction Xt (t 6 [Oil]) °f £c(U,Y) onto the singleton {ijj}- 

(3) TTie map p 1 : p*G G is a homotopy equivalence. 

Proof. (1) We can define a map pi : £ G (G, Y) -> £ G ([/, Y) by pi(/) = //u|c/. It follows that 

(i) Pip(f) — f hi\u and a homotopy 4> t : id ~ pip is defined by 0t(/) = f ht\u, and 

(ii) ppi (/) = / hi\c and a homotopy ip t : id ~ ppi is defined by ipt(f) = f h\c- 

(2) The contraction x* of £ G (U, Y) is defined by Xt(/) = /it fh t \u- 

(3) The assertion follows from (2) and Lemma l2~3l (2). □ 



Lemmas 12.41 and 12.51 yield the following consequence. 
Proposition 2.1. If a subset CofY satisfies the condition (*) below, then the map 

Gc C G — > £ G (G,Y) defined by n{h) = h\ c 

is a locally trivial bundle up to homotopy equivalences and hence has the exact sequence for homotopy 
groups. 
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(*) There exists a subset U of Y such that (i) C C U, (ii) the pair (U, C) has LSPq, and 
(iii) there exists a path ht G G (t G [0, 1]) such that 

h = e, hi{U) = C, h t {U) C U, h t (C) CC (t e [0, 1]). 



2.4. Weak extension property. 

Suppose a topological group G acts on an n-manifold M. Consider a pair (H, F) of subsets of G and a 
triple (V, U, C) of subsets of M such that C C U n V (we do not assume that F C H and f7 C V). 

Definition 2.3. We say that the triple (V, U, C) has the weak extension property for (H, F) (abbrevi- 
ated as WEPh,f or WEP(_ff, F)) if there exists a neighborhood U of ijj in £ H (U,M) and a homotopy 
s:Wx[0,l]-t F(V) such that 

(1) for each f eU 

(i) s (/) = e, (ii) «i(/)|c = /|c, (hi) if / = id on then = id on 0M (i £ [0, 1]), 

(2) « t (i tr )=e(t€[0,l]). 

The map St — > F{V) (t G [0, 1]) is called the local weak extension map (LWE map). When H — F ', we 
simply say that (V, U, C) has WEP ff . When V = U, we say that the pair (U, C) has WEP HjF . Note that 
WEP G for (U,C) implies LSP G for (U,C). 

One of our interest is the following problem. 

Problem 2.1. Given a class of triples (V, U, C) in Y and a subset F of G, determine the largest subset 
H of G for which each triple (V, U, C) in this class has WEP(H, F). 

The next lemma easily follows from the definition. 

Lemma 2.6. Suppose (V, U, C) and (V 1 , U', C') are two triples of subsets in M such that C G U (~l V and 
C' Cf/'n V and (ff, F) and (if', F') are £wo pairs of subsets in G. If (i) (V, U, C) has WEP(H, F), (ii) 
VcV',UcU',CD C' and (iii) H D W , F C F', then (V, C/', C") /ias WEP(H', F'). 

Lemma 2.7. Suppose F is a subgroup ofG. If two triples (Vi,£7i,Ci) and (V^t/^C^) «awe WEP{H 1 F) 
and V 1 r\V 2 = 0, then the triple (Vi UV 2 , UiUU 2 , C x U C 2 ) afeo feas WEP{H, F). 

4 

Proof. For i = 1,2 let £ H (U t ,M) ^ U t -> F(^) be the associated LWE map for (V$, f/j, Cj). Take 
a neighborhood W of iui_uu 2 in £ H {Ui U U 2 ,M) such that /|[/ 4 £ Hi (i — 1,2) for each f Then the 

required LWE map s t : W — > F(Vi U V 2 ) for (Vi U F 2 , C/i U C/ 2 , Ci U C 2 ) is defined by 

s *(/) = s t )s?(/l^ 2 ) ( tnc multiplication in G). 
Note that s7(/) = 4(7k) on V$ and s^(/) = ^ on M - (V^ U V 2 ). □ 
3. Spaces of Radon measures and groups of measure-preserving homeomorphisms 

3.1. Spaces of Radon measures. 

Suppose Y is a locally connected, locally compact, c-compact (separable metrizable) space. Let B(Y) 
denote the cr-algebra of Borel subsets of Y. A Radon measure on Y is a measure \i on the measurable 
space (Y, B(Y)) such that /J.(K) < oo for any compact subset K of Y. Let M(Y) denote the set of Radon 
measures on Y. The weak topology w on MiY) is the weakest topology such that the function 



JY 

is continuous for any continuous function / with compact support. The set M{Y) is endowed 

with the weak topology w, otherwise specified. 
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For /i £ A4(Y) and A £ B(Y), the restriction /j,\a is the Radon measure on A defined by (h\a){B) = fJ,(B) 
(B £ B(A)). 

Lemma 3.1. ([5J Lemma 2.2]) For any closed subset A ofY, the map Ai(Y) — > A4(A) : /i h\ a is 
continuous at each /z £ A4(Y) with ^(FtmA) = 0. 

We say that fi £ MiY) is good if [i(p) = for any point p £ Y and ^(U) > for any nonempty open 
subset U of Y. For A £ BiY) let A4^(Y) denote the subspace of MiY) consisting of good Radon measures 
/lonf with fi(A) — 0. For fi, v £ MiY), we say that v is /j-biregular if v and \i have same null sets (i.e., 
v(B) = iff fj,(B) = for any B £ B(Y)). For fx £ Mf(Y) we set 

_M^(Y; /i-reg) = {v £ A4g(Y) \ v is /i-biregular} (with the weak topology). 

For h £ TC(Y) and /i £ A4(Y), the induced measures /i»/i, ft*/i € .M(Y) are defined by 

{h^i){B) =n{h- 1 {B)) and (h* fi){B) = fi(h(B)) (B £ B(Y)). 

The group Tt(Y) acts continuously on the space Ai(Y) by h ■ /i = /i*/i. We say that /i G W(Y) is 

(i) ^.-preserving if /i*/i = /i (i.e., fi(h(B)) = fi(B) for any B £ B(Y)) and 

(ii) /i-biregular if /i*/i and fj, have the same null sets (i.e., /i(h(B)) = iff /i(-B) = for any B £ B{Y)). 

Let Ti(Y; fi) C H(Y; /i-reg) denote the subgroups of H(Y) consisting of /^-preserving and /i-biregular 
homeomorphisms of Y respectively. For a subset A of F, the subgroups Ha(Y; /z), Ha(Y; fj,)i, Ha,c(Y; /i), 
Ha(Y; /z-reg), etc. are defined according to the conventions in Sections 2.1 and 2.3. 

For spaces of embeddings, we use the following notations. Suppose Y is a locally compact, cr-compact 
(separable metrizable) space and fi £ M(Y). For any X £ BiY), an embedding / : X — > Y is said to be 

(i) Borel if f(X) £ 6(Y), 

(ii) /i-biregular provided / is Borel and /i(/(B)) = iff /i(-B) = for any B £ B(X), 

(iii) /i-preserving provided / is Borel and / : (X, /i|x) — (f(X), /i|/(x)) is a measure preserving home- 
omorphism (i.e., /j,(f(B)) = /i(£>) for any B £ B(X)). 

For a subset A of X, let £a(X, Y; /i-reg) and £ a(-^, Y; /i) denote the subspaces of £ a(X, Y) consisting of 
/i-biregular embeddings and /i-preserving embeddings respectively. 

Suppose M is a compact connected n-manifold and fj, £ M®{M)( = .Mg M (M)). 

Theorem 3.1. ([TU]) IjV £ M 9 g (M) and v(M) = fj,(M), then there exists h £ H.g(M)i such that h*fi = v . 

Let M d g {M ; /i) = {v £ M d g {M; /i-reg) | i^(M) = /i(M)} (with the weak topology). (See Section 3.2 
for the definition in the case where M is noncompact.) The group Ti{M\ /i-reg) acts continuously on 
A4g (M; /i) hy h ■ v — h^v. This action induces the map 

vr : H{M; /i-reg) -> A^(M;/i) : h i — >• /i*/z. 

Theorem 3.2. ([51 Theorem 3.3]) TVie map 7r admits a section 

a:Mg(M;n) — > 7ig(M; \x-reg)\ C 7i{M ; /i-reg) such that (ira = id and) er(/i) = iG?M- 

Next we recall basic facts on the product of measures. Suppose {X, T, /i) and (Y,Q,v) are cr-finite 
measure spaces. Let J 7 x 5 denote the a-algebra on X x Y generated by the family {Ax B \ A £ J 7 , B £ Q}. 
For G £ J 7 x Q and a; G X, the slice G x C Y is defined by G x = {y £ Y \ (x, y) £ G}. It is well known 
that 

(1) there exists a unique measure u> on the measurable space (X xY : !F x Q) such that 
uj(A x B) = fi(A) ■ v(B) (A £ T,B £ Q) (we follow the convention • oo = 0), 
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(2) for any G G T x Q 

(i) v(G x ) (x e X) is an JT-measurable function on X and (ii) lo(G) = / v(G x ) dfi(x). 

Jx 

This result yields the following consequences on the product of Radon measures. 

Proposition 3.1. Suppose (X,^i) and (Y,v) are locally compact separable metrizable spaces with Radon 
measures. Then the following hold: 

(0) B(X) x B(Y) = B(X x Y). 

(1) There exists a unique ui G M(X x Y) such that ui(A x B) = fi(A) ■ v(B) (A G B(X), B G B{Y)). 

(2) For any G G B(X x Y) 

(i) v(G x ) (x E X) is a B(X) -measurable function on X and (ii) uj(G) = I v(G x ) dfi(x). 

Jx 

The measure u is called the product of fi and v and denoted by fi x v. 

Proposition 3.2. Suppose f : (X,fi) —* (Xi,mi) and g : (Y,v) — > (Yi,^i) are homeomorphisms between 
locally compact separable metrizable spaces with Radon measures. Then the product homeomorphism 
f x g : (X x Y, m x v) — > (Xi x Yi,Mi x v{) has the following properties: 

(1) /// and g are biregular, then f x g is biregular. 

(2) // / and g are measure-preserving, then f x g is measure-preserving. 

Proof. For G G B(X x F), we have (a) (m x i/)(G) = / v{G x ) dfi(x) and 

Jx 

(b) ( M x Vl ){{f xg)(G))= f v 1 (((fxg)(G))Jd t , 1 (x 1 )=[ Vl {g(G rHxi) )) d^{ Xl ). 

J X\ J X\ 

(1) Note that 

(i) (fi x v){G) = iff z/(Ga;) = (^t-a.e. a; G X) 

(i.e., 3 A G B(X) such that m(A) = and v{G x ) = 0(i£l - A)), 

(ii) ( M i x Vl )({f x g)(G)) = iff ^i {g{Gf-i( Xl ))) = ( M i-a.e. an G Xi). 

Since / and 17 are biregular, if (i) holds, then it follows that 

f(A)eB(X 1 ), m (/(A)) = and v 1 (g(G f - 1{xi) )) = ( Xl G X 1 - f{A)). 

This implies (ii). The same argument shows the opposite implication. This means that / x g is biregular. 

(2) Since / and g are measure-preserving, it follows that 

(Mi x ^i)((/ x 9){G)) = I ui(g{G f -i (xi) ))dm{ Xl ) = / u(G f -i {xi) ) dm( Xl ) 

JXx JX l 

v{G x ) dfj,(x) = (fix v)(G). 



L 



IX 

This means that / x g is measure-preserving. We also note that (/ x g)*{pi\ x v\) G M(X x Y) satisfies 
the condition : for any A G #(X) and B G S(Y) 

((/x<7)*G«i X"i))(^xB) = ( W x^)((/xjPxB)) = (mi xv 1 ){f{A)xg{B)) 

By definition we have (/ x g)*{pi\ x ^1) = \ix v. This also implies the conclusion. □ 

We conclude this subsection with some remarks on collars of the boundary of a submanifold. Suppose 
M is an n-manifold and fi G A^(M). 
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Remark 3.1. Suppose N is an n-submanifold of M such that d+N is compact. Since fi(dM) — 0, we 
have fi(dN) = (i(d+N). Take a bicollar d+N x [-1, 1] of d+N in M. Since d+N x [-1, 1] is compact, it 
follows that n{d+N x [-1, 1]) < oo and {t G [-1, 1] | n{d+N x {t}) ^ 0} is a countable subset of [—1,1]. 
Hence, we can modify N by adding or subtracting a thin collar of d+N so that n{dN) = n(d+N) = 0. 

Let m denote the Lebesgue measure on the real line R. 

Lemma 3.2. Suppose N is an n-submanifold of M such that d+N is compact and fj,(d+N) = and 
suppose v G A4g(d+N) . Then, there exists a bicollar E = d+N x [a, b] (a < < b) of d+N in M such 
that d+N = d+N x {0}, N n E = d+N x [a, 0] and fi\ E = v X {m\ [aM] ). 

Proof. Let C(d+N) — {Fi, ■ ■ ■ ,F m }. For each i = 1, • • • , m, choose a small bicollar Ei — Fi x [<Zj,&i] 
(o» < < 6,) such that F t = x {0}, N f] E l — F l x [a l: 0], ^(d+Ei) = 0, ^(F x [a.,, 0]) = |a,|^(Fj) and 
x [0, = biv(Fi). We can apply Theorem 13. ll to 

MUx[ a »,o],fk x H[ Oi ,0]) S^(Fi x [oi,0]) and n\ FiX[0M] , v\ Fi x H[o,& 4 ]) 6 M e g {Fi x [0,6;]) 

to replace the identification of the collar Ei = Fi x [oj,6j] so that n\ Fi = ^If; x ( TO l[a;, ;>;])• Finally, take 
a, b such that max; <Zj < a < < b < mim 6j and set -E = 5+iV x [a, b] = \J i [Fi x [a, b]). □ 

3.2. End compactification and finite-end weak topology, (cf. OH]) 

In order to extend the selection theorem 13.21 to the noncompact case, it is necessary to include the 
information of the ends. Suppose Y is a noncompact, connected, locally connected, locally compact, 
separable metrizable space. Let /C(Y) denote the collection of all compact subsets of Y. An end of Y is a 
function e which assigns an e(K) G C(Y — K) to each K G K(Y) such that e(Ki) D e(i^2) if K\ C K%. 
The set of ends of Y is denoted by Ey . The end compactification of Y is the space Y = Y L) Ey equipped 
with the topology defined by the following conditions: (i) Y is an open subspace of Y, (ii) the fundamental 
open neighborhoods of e G Ey are given by 

N(e, K) = e(K) U {e' G Ey | e'(K) = e(K)} (K G K(Y)). 

Then Y is a connected, locally connected, compact, metrizable space, Y is a dense open subset of Y and 
Ey is a compact 0-dimensional subset of Y. 

For ft G W(Y) and e G -Ey we define ft(e) G Ey by h(e)(K) = h{e{h~ 1 {K))) e K{Y)). Each 
ft G W(Y) has a unique extension ft G «(F) defined by ft(e) = ft(e) (e G Ey). The map 7Y(Y) -> «(F) 
i ft i ► ft is a continuous group homomorphism. For A C Y we set W^iuFyOO = V 1 £ ^a(Y) | ft|F y = 
idj3 y }. Note that WUuEyPOo = Ha(Y) - 

Let /i G M(Y). An end e G Ey is said to be ^-finite if /x(e(if)) < oo for some K G /C(Y). Let 
E Y = {e G Ey | e is ^-finite}. Then Y U £ y is an open subset of F. For A G B(Y) and fi G we 
set 

Mf(Y; /i-e-reg) = {i/ G A^(Y) | i/ is u-biregular, E Y = E Y }, 

Mf(Y; /*) = {v G M^Y; /i-e-reg) | v{Y) = M (Y)}. 
The finite-ends weak topology ew on _M^(Y; /i-e-reg) is the weakest topology such that the function 

$/ : Mg{Y\ /i-e-reg) — » M : J^f\ Y dv 

is continuous for any continuous function / : Y U -E^ — > M with compact support. 

There is an alternative description of this topology ([4j §3, p245]). Consider the space M.{Y U E Y ) 
(with the weak topology). Each v G A4 g (Y; /i-e-reg) has a natural extension 77 G A / I s (y U E Y ) defined 
by v(B) = v(B n y) (Be iB(y U E Y )). The topology eu; on Mf (Y; /i-e-reg) is the weakest topology for 
which the injection 

l : Mf{Y; /i-e-reg) — > M{Y U E Y ) W : v i — > F 
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is continuous. The symbol Mf(Y; fi-e-reg) ew denotes the space Ai£(Y; /i-e-reg) endowed with the topol- 
ogy ew. 

We say that ft € T~C{Y) is fi-end-biregular if ft is /i-biregular and E Y *^ — E Y (i.e., h(E Y ) = E Y ). Let 
Ti.(Y; fjL-e-xeg) denote the subgroup of Tt(Y) consisting of /x-end-biregular homeomorphisms of Y. 

Suppose M is a connected 71-manifold and fi G Mg(M). The group H(M; fi-e-reg) acts continuously 
on Aig (M; fi) ew by h ■ v = ft*i/. This action induces the map 

7r : Ti{M; /x-e-reg) — > M d g (M; ^) eu; : ft, 1 — > ft*^. 

Theorem 3.3. ([?J Theorem 4.1]) TTie map ir has a section 

a : A4g (M; /i) et0 — > Hg(M; fj,-e-reg)i — 7id(M; /i-reg)i such that (na — id and) er(/i) = idM ■ 

3.3. End charge homomorphism. 

We recall basic properties of the end charge homomorphisms defined in Section 14]. Suppose Y is a 
connected, locally connected, locally compact separable, metrizable space. Let Q(Ey) denote the algebra 
of clopen subsets of Ey and let B C (Y) = {C G B(Y) | Fry G is compact}. For each G G B C (Y) let 

E c = {e€ E Y e{K) C G for some K G JC(Y)} and C = CUE C CY. 

Note that (i) E c G Q{E Y ) and G is a neighborhood of £ c in Y with Cn£y = £ c , (ii) for G, D G B C {Y) 
it follows that Ec — Ed iff CAD = (G — D) U (D — C) is relatively compact (i.e., has the compact closure) 
in Y, (iii) if C G B C (Y) and h G H Ey (Y), then h{C) G B C (Y) and E h{c) = E c . 

An end charge of Y is a finitely additive signed measure c on Q(Ey), that is, a function c : <2(-Ey) — > K 
which satisfies the following condition: 

c(F U G) = c(F) + c(G) for F,G E Q{E Y ) with n G = 0. 

Let <S(Y) denote the space of end charges c of Y endowed with the weak topology (or the product topology). 
This topology is the weakest topology such that the function 

* F : S(Y) — > K : c — ► c(F) 

is continuous for any F G Q(Ey)- For fj, G M{Y) let 

S(Y, n) = {c G S(Y) I (i) c(F) = for F G Q(£V) with F C and (ii) c(-Ey) = } 

(with the weak topology). Then S(Y) is a topological linear space and S(Y, fj) is a linear subspace. 

For ft, G He y (Y;(j,) the end charge G 5(Y, /i) is defined as follows: For any F G Q{Ey) there exists 
G G £> C (Y) with i?c = F. Since ft|_e y = id, it follows that £Jc = F h ( C ) an d that GAft(G) is relatively 
compact in Y. Thus \i{C — h(C)), fi(h(C) — G) < 00 and we can define 

c£(F) = n(C - h(C)) - fi{h{C) -C) El. 

This quantity is independent of the choice of C. 

Proposition 3.3. The end charge homomorphism d 1 : TLe y {Y; jj) — ► SiY, /j,) is a continuous group 
homomorphism ([21 Section 14.9, Lemma 14.21 (iv)]). 

In p~2] we have shown that, for any connected n-manifold M and [i G Aig(M), the end charge homo- 
morphism c M : T-Le m {M; fi) — > S(M; /x) has a (non-homomorphic) section s : S(M, fi) — > Hd(M; n)\. 
For any subset A of Y we have the restriction of c M 

: Hau£v(Y;^) -> S(Y,/z). 

The kernel of the homomorphism c M is denoted by kerc M . Note that Ti. c {M; /i) C kerc M and (kerc^ 1 )^ = 
kerc^. By the definition, if ft G kerc^, then for any G G B C (Y) we have fi(C - h(C)) = fi(h(C) - C). 
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Lemma 3.3. Suppose h £ kerc M and C £ B C (Y). If L £ B(C fl h(C)) and C — L is relatively compact in 
Y, then h(C) — L is also relatively compact and fx(h(C) — L) = fi(C — L). 

Proof. Since /j,(C — h(C)) = fi(h(C) — C), the assertion follows from the equalities : 

h(C) — L = (h(C) - C) U ((C n h{C)) — L) and C - L = (C* - h{C)) U ((C n h{C)) — L). a 

4. Weak extension theorem for biregular homeomorphisms 

Throughout this section M is an n-manifold and fi £ A4g(M). The weak extension theorem for the 
group G = H(M; /x-reg) is already obtained in [S]. In this section we discuss some consequences of this 
extension theorem. In Section 5 we combine the weak extension theorem for 7i{M\ ^t-reg) and the selection 
theorem for /x-biregular measures (Theorems 13.21 and 13. 3p in order to obtain the weak extension theorems 
for the groups TL{M ; /i) and kerc^. 

First we recall the deformation theorem for /i-biregular embeddings [SI Theorem 4.1]. For X £ B(M) 
and A C X, let £%{X, M; fi-reg) denote the space of proper /i-biregular embeddings / : X — > M with 
f\A = id a, endowed with the compact-open topology (cf. Sections 2.1 and 3.1). 

Suppose C is a compact subset of M, U £ B(M) is a neighborhood of C in M and D C E are two 
closed subsets of M such that D c It&mE. 

Theorem 4.1. ([SJ Theorem 4.1]) For any compact neighborhood K of C in U , there exists a neighborhood 
U of ijj in £g nu (U, M; n~reg) and a homotopy tp : U x [0, 1] — ► £^ nu (U, M; fi-reg) such that 

(1) for each f £lA, 

(i) <p (f) - f, (") <Pi(f)\c = ic, (iii) ft(J)\v-K - f\u-i< {t £ [0, 1]), 
if f — id on d-U, then <ft(f) — id on d-U (t £ [0, 1]), 

(2) <pt(iu)=iu (t £ [0,1]). 

Theorem 14. II is equivalent to the next weak extension theorem. 

Theorem 4.2. (0 Corollary 4.2]) For any compact neighborhood L of C in U , there exists a neighborhood 
U of iu in £g nu (U, M; /J-reg) and a homotopy s :U x [0, 1] — > 7~Ldu(m-l)(M; [i-reg)\ such that 

(1) for each f £ U 

(i) s Q (/) = id M , iii) si(f)\ c = f\c, (hi) if f = id on d-U, then s t (f) = id on dM, 

(2) s t (iu)=id M (t£ [0,1]). 

(In [H Corollary 4.2] the map si alone is mentioned.) 

Now we discuss some consequences of Theorem 14.21 for the group G — W(M;/i-reg). Suppose X is a 
compact subset of M. Note that Gx = T~tx(M; /i-reg). 

Suppose C is a compact subset of M with X C C and J7 is a neighborhood of C in M. Consider the 
pull-back diagram : 

P*G X — ► G x 

7r' I I 7r , where 7r(/i) = /i|c and p(f) = f\c- 

P 

By Theorem |42] the pair (U, C) has WEP G . Hence it has LSP G and also LSP Gx . Thus the next 
assertion follows from Lemma [2~4l 

Lemma 4.1. The induced map n' : p*Gx —* £x(U, M) is a principal Gc-bundle. 
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Suppose N is a compact n-submanifold of M such that /i(d+N) = and X C Intjvf-^- Take any 
compact n-submanifold N\ of M such that (i(d+Nx) = and Ni is obtained from N by adding an outer 
collar of d+N. We obtain the pull-back diagram: 

,where ir(g) = g\ N , p(f) = f\ N and 
P-Hin) = £%(N U M). 

Lemma 4.2. There exists a path h : [0, 1] — > Gx such that 

h = id M , h 1 (N 1 )=N and ht(Ni) C N u h t (N) C N (te[0,l]). 

Proof. (1) Let m denote the Lebesgue measure on R. We can find a bicollar E = d+N x [a, 6] (a < 0, 
b > 1) of <9+7V in M - X and z/ e A4f (d+N) such that 

(i) d+JV = 8+N x {0}, 9+iVi = x {l} and (ii) n\ E = v x (m| M] ). 

This follows from the following observation. First take any bicollar F' = x [—1,2] of d+N in 

M — X which satisfies (i) and the weaker condition (ii)' n(d+N x { — 1}) = p(d+N x {2}) = 0. Let 
C(d+N) = {Fi,...,F m } and set E[ = F x [-1,2] (i = 1, • • • ,m). Choose any z/ G Mf(<9+iV) such 
that ^(-Fi) = /x(F, x [0,1]) (i — ,m). For each i = l,--- , m, determine a,j < and &j > 1 by 

|ai|z>(Fj) = x [—1,0]) and (bi — l)v(Fi) = /i(Fj x [1,2]), and reparametrize F t x [—1,0] to Fi x [a,;,0] 
and F x [1, 2] to Fj x [1, bi]. We can apply Theorem 13. II on F{ x [a,j, 0], Fj x [0, 1] and Fi x [1, 6j] to obtain 
a new identification F- = F x [oj, 6j] so that /i| B < = ^ x (rn|[ a . ;,.]). Take a, 6 such that max^ Oj < a < 
and 1 < 6 < mini h, and set F = [J^Fj x [a, 6]). 

(2) Choose A € Wg([a, 6]) such that A is piecewise affine and A(0) = a/2, A(l) = 0. We obtain two 
isotopies 

A t 6 Ha ([a, 6]) (t e [0, 1]) defined by X t (s) = (1 - t)s + £A(s) and 

fft e H a+N x{atb} (d+N x [a, b]) (i6[0,l]) defined by g t (y,s) = (y,X t (s)). 

Note that Ao = id, Ai([a, 1]) = [a, 0], A f ([a,0]) C [a, 0] and A t ([a, 1]) c [a, 1]. Since At is also piecewise 
affine, it is seen that At is m|u w-biregular. Then each gt is v x (m|r a w)-biregular by Proposition 13.21 
Finally, the required isotopy h t £ He"{M; (i-ieg) <Z Gx (i e [0,1]) is defined by h t | _b = gt . □ 

By Lemmas 14.11 14.21 and 12.51 we have the following conclusions. 

Lemma 4.3. (1) The induced map tt' : p*Gx — > Sxi^uM) is a principal G ^-bundle. 

(2) The map p : £^(N\,M) — > £^(N, M) is a homotopy equivalence. 

(3) There exists a strong deformation retraction Xt (t £ [0, 1]) of £^(N\,M) onto the singleton {«iVi}- 

(4) The map p' : p*Gx Gx is a homotopy equivalence. 

Corollary 4.1. Suppose X is a compact subset of M and N is a compact n-submanifold of M such that 
fj,(dN) = and X C IntM-^V- Then the restriction map 

TT 

H N (M;n-reg) C H X (M; fi-reg) — > £^ (M '^~ re9) {N,M) defined by n(h) = h\ N 
is a fibration up to homotopy equivalences and has the exact sequence for homotopy groups. 



P*G X 
tt' 

e$(Ni,M) 



G 



x 



£$(N,M) 
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5. Weak extension theorem for measure-preserving homeomorphisms 

Throughout this section M is an n- manifold and fi G M. g(M). In this section we combine the weak 
extension theorem for G — Ti(M\ fJ.-veg) (Theorem 14 .2 1) and the selection theorem for /z-biregular measures 
(Theorems 13.21 and 13. 3[) in order to obtain the weak extension theorems for the groups H = H(M; fj) 
and F = kerc^. We also discuss a non-ambient weak deformation of measure- preserving embeddings 
( Theorem !5-3[) . Some application to the group H c = TC c (M;fi) endowed with the Whitney topology is 
provided in Section 6. 

5.1. Weak extension theorem for W(M;/i). 

We obtain the weak extension theorem for 7i(M\n) in a general form (Theorem 5.1, cf. [SJ Theorem 
4.12]). This answers Problem 12.11 and also leads us to the weak extension theorem for kerc M in Section 

5.2. (Recall that M is an n-manifold, fi G M a g (M), G = W(M;/x-reg) and H = H(M;fj,).) 
For A.B G B(M), consider the subset G A ' B of G defined by 

G AB = {h G G | h\ A G £(A,M;ij,) and (i{h{L)) = fi(L) (L G C(M-B))}. 

When A = B, we simply write G A . For any X C M we have the pair (G X ' B , Hx) of subsets in Gx- 

Lemma 5.1. Suppose N is a compact n-submanifold of M with fi(dN) = 0, U G B(M) is a neighborhood 
ofN in M and X is a closed subset of DM withXDN = 0. Then the triple (M, U, N) has WEP(G X ,H X )- 

Proof. Case 1: First we consider the case where M is connected. 

Since £ G * (U, M) C £*{U, M;/z-reg), by Theorem [42] applied to (U, C) = (M -X,N), there exists a 
neighborhood U of iu in £ (jx (U, M) and a map a : U x [0, 1] — > (Gx)i such that 

(i) for each / G U 

(a) <r (f) = id M , (b) cri(/)|jv = (c) if / = id on d-U , then a t (f) = id on dM, 

(ii) o- t {iu)=id M (te [0,1]). 

(1) First we modify the map a to achieve the following additional condition: (i) (b') cr±(f) G H. 
Consider the induced map v : U x [0, 1] — > .Mg(M ; (j) eu defined by = <7t(/)*/x. 

Since M is connected, each L G C(iV c ) meets d+N. Since 5+iV is compact, it follows that C(N C ) is 
a finite set. We note that G Aif(L;/i|i) for any f E U and L G C(iV c ). In fact, since G 

.M| (M ; /z-e-reg) and n(dN) = 0, we have ^i(/)|l G A^-L; /x|i-e-reg). It remains to show that v\{f){L) = 
fx(L). Since f e£ G *(U,M), there exists fceG^ such that / = Then = h~ l ai(f) G Hn(M). Since 
M is connected, we see that NC\L ^ 0, and since k — id on N, we have fc(L) = L. Hence, ai (/)(£) = 
and it follows that Mf)( L ) = K<*l{f)( L )) = v(H L )) = ^( L )- 

For each L G C{N C ) we obtain the map W — ► Mg(L; /x|z,) eu , '■ f' — > ^i(/)|l- 
By the alternative description of the finite-ends weak topology and Lemma 13.11 this map is seen to be 
continuous (cf. [ITJ Lemma 3.2]). By Theorem 13.31 there exists a map 

■q L ■ M d g {L;n\ L ) ew — > Hd{L\ n\L-teg)x such that J?i(i/)*(/x|i) = v and r) L (n\ L ) = id L . 
Define the map r L : W x [0, 1] -> Ha(L; /x| L -reg)i by tl(/, i) = ?7z,((l - t)ju|i + 
Combining tl (L G C(iV c )), we obtain the map 

f T L (f,t) on LeC(N c ) 
r:«x[0,l]^ H nu9 m(M ; fi-reg) 1 defined by r(/, t) = { 

[ id on N. 

Note that ro(/) = idM and Ti(/)*/i = Define a map 

f ffatf/) (t G [0,1/2]) 

< 7':Wx[0,l]^W x (M; M -reg) 1 by <r (/) = 

l^i/r^!/ t£ 1/2,1 . 
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Then the map a 1 satisfies the conditions (i) (a), (b), (c) and (ii). The condition (i) (b') is verified by 

^1 (/)*/* = = = £7l(/)*0"i(/)*/i = /i. 

(2) To see that the triple (M,U,N) has WEP(G^, we construct a map s : U x [0, 1] -> 

such that 

(iii) for each f £li 

(a) s (/) = ie? M , (b) Si(/)|jv = /|jv, (c) ii f = id on cL£7, then s t (/) = id on <9M, 

(iv) s t (ic/) =id M {te [0,1]). 

Consider the induced map v' : U x [0, 1] — > M d g (M; fi) ew defined by v' t {f) = a' t (f)* ijl. 
It is seen that v' (f) = v[(f) = /j,. By Theorem 13.31 there exists a map 

7] : Mg(M; fi) ew — > (Ga)i such that r\(y)*iL = v and rj(fi)=idM- 
The required map s is defined by s t (/) = cr' t {f)r]{v' t (f)) ((/, t) eU x [0, 1]). 

The conditions (iii) and (iv) are easily verified. For example, (iii) (b) is seen by 

si(/)=^(/)T?W(/))=^(/MM)=^i(/) and Sl (/)| 2V = aU/)k = /k. 
Case 2: Next we treat the general case where M may not be connected. 

By Lemma \2. 61 we may assume that U is compact. Let Mi, . . . , M m denote the connected components 
of M which meet U . For each i = 1, • ■ • , m, we set (Ui, A/j, Xj) = (£/, N, X) n Mj and /i, = /i|M ( - By 
Case 1, the triple (M^U^Ni) in M t has WEP for (G 4 ,i? 2 ) = (H Xi (M; Mi-reg)^, (M l5 ^)) . Since 
the pair (Gi,Hi) can be canonically identified with the subpair (G^(M^), Hx(Mi)) of (Gx,H x ) and 
e Gi (Ui,Mi) = £ G %( M *\Ui,M) = £ G "(U t ,M) n £([/,, M;), which is an open subset of £ G ™ (t/j , M), it 
is seen that the triple (Mi,Ui,Ni) in M has WEP(G^,#x)- Hence, by Lemma lO (l_l i M i; £7. N) has 
WEP(G^, flx) and by Lemma EU so is [M, U,N). □ 

Theorem 5.1. Suppose C is a compact subset of M , U G B(M) is a neighborhood of C in M and X is 
a closed subset of dM with X n G = 0. Then the triple (M, U, C) has WEP(G X ' C , H x ). 

Proof. By Lemma \2. 21 (2) (i) and Remark l3.1[ there exists a compact n-submanifold N of M such that 

G C Intjv/N, N C lnt M U - X, O - N is connected for each O G C(M - C) and ^(dN) = 0. 

We show that G u > c C G N . Take any ft G G^ c . Since ft|[/ G £(U,M;n), we have % G £{N,M;n). By 
the choice of JV, for each L G C(M — N) there exists a unique O £ C(A/ — G) such that L = O — N . Since 
ft e G^* 7 , we have j«(ft(0)) = ^(O). Since ft|[/ G £(£/, M; fi), OnN C N C U and JV is compact, it follows 
that /i(ft(0 n TV)) = fi{0 HN) < fi(N) < oo. Hence, n(h(L)) = fi(L). This means that ft G G w . 

By Lemma EH] the triple (M, [/, N) has WEP(G^, Hx) and by Lemma \2~E\ we conclude that the triple 
(M, U, C) has WEP(G^ C , H x ). □ 

Since H x C G X ' C , the next statement is an immediate consequence of Theorem 15.11 and Lemma 12.61 

Corollary 5.1. Suppose C is a compact subset of M, U G B{M) is a neighborhood of C in M and X is 
a closed subset of dM with X nC = 0. Then the triple (M,U,C) has WEP(H x (M; #)). 

5.2. The weak extension theorem for kerc M . 

Suppose M is a connected n-manifold and \i G .Mg(iVf). In this section we deduce the weak extension 
theorem for the group F — ker d 1 (Theorem I5.2[) . (Recall that G = H(M ; /z-reg) and H — H(M; /x). Note 
that H c = F c and H(C) = -F(G) for any compact subset G of M.) 

Theorem 5.2. Suppose C is a compact subset of M, U and V are open neighborhoods of C in M such 
that V HO is connected for each O G C{M - G). Then, the triple (V,U,C) has W^P(ker cf ,H C (M; fj,)). 
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Proof. (1) By Lemma [2~2l f2)(n) and Remark 1 3. 11 there exists a compact n-submanifold N of M such that 
G C hxt M N, N C V, N n O is connected for each O G C{M - C) and fi(dN) = 0. 
Note that C(N - C) = {N n O | O eC(M-C)}, Take compact subsets £> and W of M such that 
G C Int M -D, C IntjvrW and W C U n Int M iV. Since IVcV and W C ?7, by Lemma 121)1 it suffices to 
show that the triple (N, W, C) has WEP (ker c»,H c {M; fj,)). 

Since £ F (W, M) C £* (W, M; M-reg), by Theorem gH there exists a neighborhood W of i w in ^(W, M) 

and a map s : W — > G(N) such that s(/)|d = /Id and s(iv^) = id/vf- 

Replacing U by a smaller one, we may assume that f(W) C iV (/ 

(2) Consider the n-manifold AT and ^|jv £ M|(JV). By Theorem O the triple (N,D,C) has WEP for 

(G',H') = (H a+N (N;n\ N -veg) D ' c ,H a+N (N;n\ N )). 

°t 

Let £ ° (£>, iV) D W — > £P be the associated LWE map. Each h G if has a canonical extension 
ip(h') G H(N) and this defines the canonical homeomorphism ip : H' = H(N). 

(3) We show that s(f)\ N G G' for any / 6 U. Since s(/) G G(JV), we have s(f)\ N G Ha+N(N; fi\ N -reg). 
Since / 6 £ F (W, M), there exists h F such that / = Since s(/)|d = /|d = h\ D £ £(-D, M ; ju) and 
s(f)(N) = N, it follows that s(/)|d £ £(D, N; fi\ N ). Take any L G C(AT - C). Then there exists a unique 
O £ C(M - C) with L = AT n O. Let K = — L = — N. Consider 5 = fc _1 s(/) G Hn{M). Since M is 
connected, we have O P\ D ^ ([> and since g = id on D, we have g(O) = O and so s(/)(0) = h(0). Since 
s(/) G G(AT), it follows that 

s(f)(K)=K and s(f)(L) = s(f)(0 — K) = s(f)(0) - K = h(0) - K. 
Thus, we have fj,(s(f)(L)) = fi{h(0) - AT). Since 

Frjv/O C G, 0-K = LcN and AT = s (/)(#) C s(/)(0) = h(0), 

it follows that O G B C (M), K C On ft(O) and O - K is relatively compact in M. Since ft. G F, by 
Lemma I3~3l we have n(h(0) — K) = fi(0 — K) = fi(L). Therefore, we have /j,(s(f)(L)) = fi(L). This means 

that s(/)|jv G G'. 

(4) By (3), for any / G U, we have «(/)|* £ G' and /| D = s{f)\ D = {s{f)\ N )\ D G £ G '(D,N). Thus, 
we obtain the continuous map <j) : U — » £ G (£), AT) defined by </>(/) = /|d- Replacing Wbya smaller one, 
we may assume that 4>{U) C W. Finally, the associated LWE map S t :U — > if (AT) for WEP(F, ff c ) of the 
triple (AT, W, G) is defined by 

&(/) = Vt0(/)- □ 

Since H c C -F, the next statement is an immediate consequence of Theorem 15.21 and Lemma 12.61 

Corollary 5.2. Suppose C is a compact subset of M , U and V are open neighborhoods of C in M such 
that V H O is connected for each O G C{M - C). Then the triple (V, U, C) has WEP(H C (M; (j,)). 

5.3. Non-ambient weak deformation of measure-preserving embeddings. 

Suppose M is an n- manifold and fi G A4g(M). In this section we obtain a non-ambient weak deformation 
theorem for measure-preserving embeddings. For X £ B(M), let £*{X, M ; — £(X, M ; ji) n £* (X, M) 
with the compact-open topology. 

Theorem 5.3. Suppose C is a compact subset of M and U G B(M) is a neighborhood of C in M. Then 
there exists a neighborhood U of ijj in £*(U, M; /i) and a map s : Li x [0, 1] — ► £*{C, M; fi) such that 
so(f) = ic, si(f) = f\c (/ G U) and s t (iu) = %c (* £ [0, 1])- 

We call the map s a local weak deformation map (a LWD map) for the pair (U, C) in M. 
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Lemma 5.2. Suppose N is a compact n-submanifold of M with /i(d+N) — and U G B{M) is a 
neighborhood of N in M. Then the pair (U,N) admits a LWD map in M. 

Proof. Case 1: First we treat the case where N is connected. 

(1) By Lemma [3T21 there exists a bicollar E = d+N x [a, b] (a < < b) of d+N in M such that 

d+N = d+N x {0}, NCiE = d+N x [a,0] and fi\ E = v X (m| [0)6] ), 

where G .Mg(d+./V) and to is the Lebesgue measure on K. Let C(d+N) = {Fi, ■ ■ • ,F m } and Ei = 
Fi x [a, b] (i = 1, ■ • • , to). For notational simplicity, we use the following notations: 

E{I) = d+NxI, Ei{I) = FiXl (Ic[a,b\) and N t = (N - E) U E[a,t] (t€[a,b}). 

Take e > such that a < — 3e, 3e < 6, and define at G HgQa, b]) (t G (— 2s, 2e)) by the conditions: 
at(s) = s|((s£ [— e, e]) and at is affine on the intervals [a, — e] and [e, b]. 

For each i = 1, • • ■ , to, we obtain the isotopy $ = id^ x ct t G 'Hd+E i {Ei\ /xj^-reg) (t £ (— 2e, 2s)). 
Note that a<j = «d[ a ,b] and 4>o = idEi- 

Take a small neighborhood W of ijv in £*{N, M; /x-reg) such that for any g G W and i = 1, • • • , to, 

£?i[o,-e] C#)n£, c£i[o,e], iV_ £ C S (JV) C N e and C E^-e, e). 

Then, for each g 6 W and i = 1, • • ■ , to, we have 

(i) (-£ - a)p(Fi) < fi{g(N) n £>) < (e - aM*!), 

(ii) fi(4> l t (g(N) n JSj)) = fi(g(N) n 2%) + tv(Fi), since is /^-preserving on £,e]. 

For each z = 1, • • ■ , to, consider the map Cj : W — > R defined by Cj(g) = n(g(N) n -E 1 ,). 

Since /j,(g(d+N)) = 0, the map Cj is seen to be continuous. Note that Ci(g) G ((— e — a)v{F i ) 1 (e — a)v{Fij). 

(2) Next we construct a neighborhood W of i(y in £*(U, M; /i) and a map 77 : U x [0, 1] — > £*(N, M; /z-reg) 
such that for any f €U and t G [0, 1], 

(iii) Vo{f) = iN, ??i(/) = /|jv, Vt{iu) = iN and (iv) n{r} t {f)(N)) = fi(N). 

By Theorem 14.21 there exists a neighborhood W of in £*(U, M; /i) and a map 

cr : W x [0, 1] -> W c (M;/z-reg) such that cr (/) = itf M , cr 1 (/)| JV = /|jv (/ G U) and a t {i v ) = id A/ (f G [0, 1]). 

Replacing W by a smaller one, we may assume that ot(/)|jv € W (/ 6 W, i 6 [0, 1]). Consider the map 

):«x [0,1] C £*(N,M; n-reg) defined by lt {f) = a t (f)\ N . 

The map 7 satisfies the condition (iii). To achieve the condition (iv) we modify the map 7. 
We define the maps A' : U x [0, 1] -> K and t 1 :U x [0, 1] -> (-2e, 2e) by 

M(/) = (l-t)ci(i JV ) + *c i (/| JV ) and c i (7 t (/))+r|(/M^) = A|(/). 
Since Aj(/), 0,(74 (/)) G ((-£ - a)^(Fj), (e - a)v(F l )), we have 

|r'(/)KJi) = |A*(/)-Ci(7t(/))| < 2ei/(fi)- 
The map t 1 has the following properties: 

(v) ^(/)=rf(/)=r t i (ia)=0, 

(vi) ^4> Ti(f) (lt{f){N) n SO) = M(7t(/)W n Ei) + T}(JMFi) = A*(/). 

The assertion (vi) follows from the property ( 1 ) (ii) , while the assertion (v) follows from 
4(f)u(Fi) = Aj(/) - c,(7o(/)) = c,(z w ) - a(i N ) = 0, TK/)f(Ji) = AH/) - c,(7i(/)) = Ci(/|jv) - ct(f\ N ) = 0, 
Tl(iu)v(Fi) = \\{iu) ~ Ci{j t {iu)) = Cj(ijv) - Ci(ij\r) = 0. 
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The maps t (i = 1, • • • , m) are combined to induce the map 

4> : U x [0, 1] -> W B c (M; p-reg) defined by </> t (/)| Bi = <^, (/) (i = 1, • • • ,m). 

The desired map 77 : W x [0, 1] — > £*(iV, A/ ; p-reg) is defined by 7ft (/) = <pt(f)lt(f)- 
From (v) it follows that 4>o(f) = 4>i{f) = 4>t{iu) — idM, since 

0o(/)Ui = "M/)k< = <^t(«c/)|si = 0o = 
Thus, the map r\ satisfies the condition (iii). To see the condition (iv), first note that 

Vt(f)(N) = Mfht(f)(N) = Mf)(N a U (U(7t(/)(tf)n250)) = N a U (U%/)(7t(/)Wn £,•))• 
Since / is p-preserving, we have fi(f(N)) — n(N). Therefore, from (vi) it follows that 

rtmifW)) = KNa) +E i K% i) (T t (/)Wn £*•)) = M^a) + E ( Aj(/) 

= /i(JV a ) + (1 - *) Ei + * E, Ci(/k) 

= (l-t)(/i(A r a)+E l c l ( tJV )) +t( A *(iV a ) + E l c J (/U)) 

= (1 - t)/i(jv) + t/i(/(J\0) - mW. 

(3) The required LWD map s is obtained as follows. 

Theorem 13.21 yields a map x '■ M^{N\ p|at) — > Ttd{N; /i|jv-reg)i such that 

X(w)*(/x|jv) = w (w £ Mf (AT;/z|jv)) and x(m|jv) = «djv- 

By the condition (2)(iv) we have the map p : U x [0, 1] — > A4g(Af; p|jv) defined by pt(/) = ?7t(/)*M- 
Since /0t(/) = ?7t(/)*P = ((0t(/) cr t(/))*/ i ) |jv, the map p is the composition of the following maps: 

Pi P2 P3 

Wx[Q,l] — > H(M; p-reg) — > A^(Af; p-reg) — ► Mf (iV; //| w -reg), 

where pi(f,t) = <t>t(f)(Tt(f), P2(h) = h*p, and p 3 (w) = uj\ n . 
Since p>(d+N) = 0, by Lemma 13. li the third map is continuous. Thus the continuity of the map p follows 
from the continuity of these maps. Finally, the map 

s-Mx [0,1] ^£*(iV,Af;p) is defined by s t (f) = r,t(f)x(pt(f))- 

Since s t (f)*fJ, = x(Pt{f))*(vt(f)*p) = x(Pt(f))* Pt(f) = p\n, it follows that s t (f) is ^-preserving. If 
t = 0, 1 or / = i Ut then by (2) (iii), %(/) is /^-preserving, and so p t (/) = and s t (f) = %(/). Hence, 
by (2) (iii) the map s satisfies the required conditions: So(/) = iv, si(/) = /|iv and St(ijj) = 
Case 2: Next we treat the general case where N may not be connected. 

Let C(N) = {Ni, ■ ■■ , N m }. By Case 1, each pair (U, Ni) (i = 1, • • • , m) admits a LWD map in M 

si 

£*{U,M;fi) D Hi — > f*(JVi, M;/x) (ie[Q,l]). 

For each j = 1, • • ■ , to, choose a neighborhood Ui of iVj in U such that C/j n Uj = (i ^ j). 

We can find a small neighborhood U of % in £*(U, M; p) such that WcW; and s|(/)(iVj) C E/j (/ G W) 
for each i = 1, • • • , to. A LWD map 

s : W x [0, 1] -> £*(7V,Af;p) for (£7, AT) is defined by s t (f)\ Ni = s\(f) (i = 1, • • • ,m). □ 

Proof of Theorem 15.31 By Lemma 12.11 and Remark 13.11 there exists a compact n-submanifold N of M 
such that p(d + N) = and C C N C Int M [/. By Lemma IOI the pair ([/, N) admits a LWD map 

£*(U,M;n) D IA — > £*{N,M;n) (t € [0, 1]). 
A LWD map s t :U-> £*{C, M; p) for (U, C) is defined by s t {f) = a t {f)\c- □ 
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6. Groups of measure preserving homeomorphisms endowed with the Whitney topology 

Suppose M is a connected noncompact n-manifold and fi € Aig(M). In [3l Proposition 5.3] we have 
shown that the group H C (M) W , endowed with the Whitney topology, is locally contractible. In this section 
we shall apply the weak extension theorem for 7i c (M; //) fCorollary |5.2p to verify the local contractibility 
of the group H C (M; (i) w endowed with the Whitney topology ( Theorem 16. ip . 

6.1. Homeomorphism groups with the Whitney topology. 

First we recall basic properties of the Whitney topology on homeomorphism groups (cf. [3l Section 
4.3]). Suppose Y is a paracompact space and cov(F) is the family of all open covers of Y. For maps 
f,g : X — > Y and U G cov(Y), we say that f,g are U-near and write (f,g) -< U if every point x G X 
admits U £14 with f(x),g(x) G U. For each h G H(Y) and U G cov(Y), let 

U(h) = {feH(X) | (f,h)^U}. 

The Whitney topology on W(Y) is generated by the base U(h) (h G H(Y), U G cov(F)). The symbol 
H(Y) W denotes the group H(Y) endowed with the Whitney topology (while the symbol H(Y) denotes 
the group T~t(Y) with the compact-open topology). It is known that G = H(Y) W is a topological group. 
Recall the notations Go = Ho(Y) w (the identity component of G) and G c = H C (Y) W (the subgroup 
of G consisting of homeomorphisms with compact support). In [3l Sections 4.1, 4.3] it is shown that 
H (Y) W c H C (Y) W . 

6.2. The box topology on topological groups. 

The Whitney topology is closely related to box products (cf. ,3]). Next we recall basic properties of 
(small) box products (cf. [3] Sections 1, 2]). The 602; product O n >iX n of a sequence of topological spaces 
{X n ) n >i is the product J\ n>1 X n endowed with the box topology generated by the base consisting of boxes 
Iln>i U n (Pn is arL open subset of X n ). The small box product Q„>il„ of a sequence of pointed spaces 
((X n , *n)) n>1 is the subspace of O n >iX n defined by 

H»>iX„ = {(a; n ) n >i G D n >iX n \ 3m > 1 such that x n = *„ (n > m)}. 

It has the canonical distinguished point (* n )n>i- For a sequence of subsets A n C X n (n > 1), we set 

^n>\A n = H n >iX n n O n >iA n . 

We say that a space X is (strongly) locally contractible at a; G X if every neighborhood V of x contains 
a neighborhood ?7 of a; which is contractible in V (rel. x) (i.e., there is a homotopy h : U X [0, 1] — ► V 
such that /io = ic£[/ , hi(U) = {x} (and /it(x) = x (t G [0, 1])). A pointed space (X, Xq) is said to be locally 
contractible if X is locally contractible at any point of X and strongly locally contractible at xq . It is easily 
seen that if a topological group G is locally contractible at the identity element e, then the pointed space 
(G, e) is locally contractible ([3[ Remark 1.9]). The next lemma follows from a straightforward argument. 

Lemma 6.1. ([3, Proposition 1.10]) If pointed spaces (JQ, *j) (i > 1) are locally contractible, then the 
small box product Hj>i(Xj,*i) is also locally contractible as a pointed space. 

Suppose G is a topological group with the identity element e G G. A sequence of closed subgroups 
(G„)„>i of G is called a tower in G if it satisfies the following conditions: 

G x C G 2 C G 3 C • •• and G = U„>iG„. 

Any tower (G„)„>i in G induces the small box product □„>i(G„,e) and the multiplication map 

p:H„>i(G n ,e) — >G defined by p(xi, . . . , x m , e, e, • • • ) = x\ ■ ■ ■ x m . 

Note that □„>iG„ is a topological group with the coordinatewise multiplication and the identity element 
e — (e, e, • ■ • ) and that the map p is well-defined and continuous ([H Lemma 2.1]). 
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Definition 6.1. We say that G carries the box topology with respect to (G„) n >i if the map p : □ n >iG n — > 
G is an open map. 

Recall that G is the direct limit of (G n ) n >i in the category of topological groups if any group homo- 
morphism h : G — > H to an arbitrary topological group H is continuous provided the restriction h\G n is 
continuous for each n > 1. If G carries the box topology with respect to (G n ) n >i, then G is the direct 
limit of (G n )„>i in the category of topological groups ([31 Proposition 2.7]). Note that the map p is an 
open map if it is open at e (i.e., for any neighborhood U of e in Q n >iG„ the image p(U) is a neighborhood 
of e in G) . We say that a map / : X —*Y has a local section at y £ Y if there exists a neighborhood U 
of y in Y and a map s : U — > X such that /s = If the map p has a local section s : U — - > H n >iG„ at 
e £ G, then (i) we can adjust s so that s(e) = e and so (ii) the map p is open at e. Thus, the next lemma 
follows from Definition 16.11 and Lemma 16.11 

Lemma 6.2. Suppose the map p : □ n >iG ra — > G /ias a /oca? section at e. Then 

(1) G carries the box topology with respect to the tower (G n ) n >x, 

(2) z/ i/ie subgroups G n (n > 1) are locally contractible, then G is also locally contractible. 

Lemma 6.3. The map p : □„>iG T! — * G has a local section at e iff for any (or some) subsequence 
{G n (i))i>\ the multiplication map p' : Hj>iG n (j) — ► G has a local section at e. 

Proof. Consider the maps it : H n >iG„ — > Qi>iG n (,) and n : □ i >iG„ (i ) -> H„>iG„ 

i 

v 

defined by 7r(- ■ • ,x„ (i _ 1)+1 , ■ ■ • ,x„ (i) , •••) = (■•■ , (x„ (i _ 1)+1 • • -a;„ w ) , • ■ ■ ) and 

r?(- • • •••) = (•••, e, ajj_i , e, • • • , e, Xj , • • • ), where n(0) = 0. 

A A 

n(i — 1) ^(0 

The maps p and p' have the factorizations p' — prj and p = p'tt, from which follows the assertion. □ 

6.3. Local contractibility of H C (M; n) w . 

Suppose M is a connected noncompact n-manifold and /i £ M.g(M). Let H = Tt(M; /j.) and F = kerc M . 
(Recall that the subscript w means the Whitney topology. For example, H CA1] = H C (M; fi) w .) 

Consider any sequence (l£i)i>i of compact subsets of M such that Ki C Intjv/^+i (i > 1) and 
M = Uj>i Ki- It induces a tower H(Ki) = H.M-Ki(M; n) (i > 1) of i/ CjM , and the multiplication map 

p : Ri>iH(Ki) — > H c>w , p(hi, . . . , h m ,id M ,id M , • • • ) = /i x • • • ft, m . 

Theorem 6.1. (1) T/ie multiplication map p : □;>i-ff(i ; Q) — * 7i c (M; ff) w has a local section at idu- 

(2) The group Tt c (M; /j,) w carries the box topology with respect to the tower (H(Ki))i>i. 

(3) The group Tl c (M; ff) w is locally contractible. 

Wc need some preliminary lemmas. Consider a sequence of compact connected n-submanifolds (Mj)i>i 
of M such that M, C filter M, + i (i > 1) and M = \] t>1 M±. Let M = and Li = Mi - li:l u .\/, ; (i > 1). 
There exists a sequence of compact n-submanifolds (iVj)j>i of M such that Li C IntjvfiVj and iVf P\Nj ^ 
iff |« — j | < 1. We call the sequence (Mi, Li, Ni)i>i an exhausting sequence for M. 

Lemma 6.4. For anj/ sequence (Ki)i>\ of compact subsets of M there exists an exhausting sequence 
(Mi,Li,Ni)i>i for M such that for each i > 1 (i) C Mi, (ii) n(d + Mi) — and (iii) f/ie pair (Ni,Li) 
has WEP(F,H C ). 

Proof. By the repeated application of Lemma 12.11 we can find a sequence of compact connected n- 
submanifolds (Mj)j>i of M such that 
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(i) Ki C Mi C lnt M M i+1 , n(d+Mi) = (i > 1) and M = U 4 >i M», 

(ii) L is noncompact and M,_|_i n L is connected for each i > 1 and each L S C(Mf). 
Let = (j < 0) and M/ = M,- - Int M M ( (j > i). 

(1) First we show that the pair (N,K) = (Mf^l , Mf) has WEP(F,H C ) for each j > i > 0. Let 
C(MP_ X ) = {Ci, • • • , C m } and set (N k ,K k ) = (N (1 C k ,K n C fc ) (fc = 1, • • • , m). Since (iV fe ) fc is a disjoint 
finite family, by Lemma \2. 71 it suffices to show that each pair (N k , K k ) has WEP(F, H c ). 

Note that C(K%) = {E , Ex,- - , E t }, where 

E Q - Mi U \J^ k C a and {£ e C(MJ) | £ C C k } = {E x , ■■■ , 

(If i = 0, we ignore £?o-) By the above condition (ii) it is seen that the intersections 

N k n E = Mi n C k and N k n E t = M j+1 n E t (t=l,---,l) 

are connected. Hence, we can apply Theorem 15.21 to (V, U, C) = (\ntMN k ,IntMN k ,K k ) to conclude that 
this triple has WEP(F,# C ). Thus, by Lemma EU the pair (N k ,K k ) also has WEP(F,H C ). 

(2) Now consider the subsequence (M3j)j>i. Let Li = M|?_ 3 and Ni = M^l (i > 1). Then, it is seen 
that (M 3i , Li, Ni)i>i is an exhausting sequence for M and by (1) each pair (Ni, Li) has WEP(F, H c ). □ 

Suppose (Mi, Li, Ni)i>\ is an exhausting sequence for M. It induces a tower (H(Mi))i>\ of H c _ w and 
the multiplication map p : E]j>i_ff (M,) — > H c .w 

Lemma 6.5. If each pair (N 2 i,L 2 i) (i > 1) /ias WEP(H C ), then the map p : Elj>i.ff(Mj) — ► -ff CiUJ ftas a 
local section s :IA — > □j>ii?(Afj) a£ idjvf suc/i that s(id,M) = (*^M)i>i 

Proof. We use the following notations: Let L e = Ui^2i, = Ui-^i-i and iV" e = |Ji-^2i- Consider 
the continuous maps defined by 

(a) r e :H c , w ^Bi£ H °(L 2 i,M),r e (h) = (h\ L2i )i and r : ff c , w -> □ i f^(AT 2i , M), r(h) = (/i|jv 2i )i, 

(b) A : □ l if(iV 24 ) -» H c (N e ) w , \((g l ) l )\ N2% = g l \n 2% and 
A Q : □ i iJ(L 2 i-i) — * H c (L a ) w , X ((hi)i)\L 2i -i = ^ili^i-n 

(c) p : B t H(N 2t ) x (L 2i _i) -► H c>w , p(g, h) = X(g)X (h). 

Note that the map A G is a homcomorphism, since for any h £ H C (L ) we have h = id on d + Mi and 
/i(Mj) = so that /i(ij) =Li(i> 1). 

First we construct a local section of the map p at idM- By the assumption, for each i > 1 there exists 
a neighborhood Vj of the inclusion map i N 2i m £ ffc (-^2i > M) and a map 

: Vj — ► H(N 2 i) such that o"i(/)|i 2i = /|z 2i (/ € Vj) and ai(i N2i ) — id M ■ 

Since ELjVi is a neighborhood of (ij\r 2i )i i n Bi£ H ° (N 2 i, M), the preimage £Y = r _1 (E]iVi) is a neighborhood 
of id^i in H c w . The maps (<7j)j determine the continuous maps 

a : BiVi — > □ i iJ(A^2i) defined by tr((/,)i) = (^(/O). and 77 = A a r : U — » H c (N e ) w . 

For each jgW we have 77(5) — g on L e and r)(g)~ 1 g £ E c .l,, = H C (L ). Thus we obtain the map 

(fr-.U —> H C (L ) W defined by 0(g) = r/(g)- 1 g. 

The required local section £ : W — > E\iH(N 2 i) x □ji/"(Ir2i-i) of the map p is defined by 

C(g) = (ar( 5 ),A-V(ff))- 

In fact, we have 

p((g) - p(ar07),AjV(ff)) - A(ar( 5 ))0( 5 ) - 77(5) (^(g)" 1 ^ = .9. 
Note that ((id M ) = ({id M )i, (id,M)i)- 

For each h €ll the image = ((fi)i, (gi)i) satisfies the following conditions: 
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(i) h = A((/i)i) A o (0i)i) = (/i/ 2 • • • )(gig2 •■•) = /151/2S2/3S3 

(ii) /< e ff(iV 2i ) c H(M 2i+1 ), 9i e fr(£ 2i -i) C H{M 2i -i) C H{M 2l+2 ) [i > 1). 

(iii) (id M ,idM,h,gi,f2,92,---)^^ l >iH(M l ) and /i = p(id M , id M , fi, 9i, h, 92, ■ ■ ■ ) ■ 
Therefore, the required local section s : U — > H^iJ(Mi) of the map p : HjiJ(Mi) — > -ffc^, is defined by 

s(h) = (id M ,id M , h,9i, f2,92, ■ ■■)■ 
This completes the proof. □ 

Lemma 6.6. Suppose N is a compact n-manifold, L is a (locally flat) (n — l)-submanifold of dN and 
v E Mg(N). Then the group TLl(N;v) is locally contractible. 

Proof. In Theorem 4.4] the case where L = or dN is verified. For the sake of completeness we include 
a proof. We may assume that N is connected. 

(1) First we see that the group Gl = Hl (N; u-reg) is locally contractible. Since Gl is a topological 
group, it suffices to show that it is semi-locally contractible at idN, that is, a neighborhood of idN contracts 
in Gl- Using a collar L x [0, 2] of L in N (cf. Lemma [372)1 . we have a deformation of Gl to Gi X [o,i] which 
fixes idN- Applying Theorem 14.11 to (C,U, D, E) — (N,N,L,L x [0,1]), we can find a neighborhood of 
idN in Glx[o,i] which contracts in Gl- These deformations are combined to yield a desired contraction of 
a neighborhood of idN in Gl- 

(2) Next we show that the group Hl = Hl(N;v) is a strong deformation retract (SDR) of Gl- By 
Theorem I3~2l the map 7r : G — > M 9 g (N\v) admits a section s : M 9 g {N;v) — > Go C G L - This yields a 
homeomorphism of pairs 

H L x(M d g {N;v),{u})tt{G L ,H L ) : (h, u) — > s(u)h. 

Since A4 g (N; v) admits the "straight line contraction" to {z/}, we obtain a SDR of Gl onto Hl- 

Finally, the conclusion follows from the observations (1) and (2). □ 

Proof of Theorem 16.11 (1), (3) By Lemma 15741 there exists an exhausting sequence (Mi, Li, A/j)j>i for 
M such that n(d+Mt) = (i > 1) and each pair (Ni,Li) (i > 1) has WEP(H C ). By Lemma [5751 the 
multiplication map p' : □j>ii?(Mj) — > -ff CjU) has a local section at idM- By Lemma 16.31 this implies 
the assertion (1) (consider a mixed sequence of (iQ), and (M,-)j). By Lemma [6.61 the group H(Mi) = 
T~td + Mi(Mi; ju|jvfi) is locally contractible for each z > 1. Thus, by Lemma [6751 (2) the group H c>w is also 
locally contractible. 

(2) The assertion follows from (1) and Lemma T6. 21 (1). □ 
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